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Abstract 

Firstly we discuss different versions of noncommutative space-time 
and corresponding appearance of quantum space-time groups. Further 
we consider the relation between quantum deformations of relativistic 
symmetries and so-called doubly special relativity (DSR) theories. 



a.: 

: 1 Introduction 



* i 

Quantum deformations of Lie algebras and Lie group were motivated by 
quantum universe scattering method and introduced in 1980's as noncocom- 
mutative Hopf algebras [TJ — [3] . Subsequently the notion of quantum sym- 
metries was tried for many symmetries occurring in physics, in particular for 
the basic relativistic symmetries, described by Poincare algebra and Poincare 
group, as well as anti-de-Sitter (AdS), de-Sitter (dS) and conformal symme- 
tries. 

Because the fourmomenta generators contrary to the Lorentz rotations 
are dimensionfull, they introduce into the space-time algebras the notion of 
scaling. One should distinguish two types of quantum deformations: 

i) The ones introducing dimensionless deformation parameter q, which 
is invariant under rescaling of the fourmomenta. The prototypes of such 
deformations are provided by Drinfeld-Jimbo (DJ) deformations of pjj H] 
AdS, dS or conformal algebra. One can show [SHE] that it does not exist DJ 
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quantum deformation of Poincare algebra, obtained by the extension of DJ 
deformation for the Lorentz subalgebra. 

The dimensionless deformation parameter of space-time symmetries ap- 
pears less attractive from the point of view of physical applications. It is 
agreed that the quantum symmetries and noncommutative space-time co- 
ordinates should become relevant for very small distances (e.g. at Planck 
length l p ~ 10 _33 cm). We conclude that the dimensional parameter in quan- 
tum algebra structure will characterize the distances at which the notions of 
classical geometry are not valid. Therefore we should introduce. 

ii) Second type of deformations of space-time symmetries with built-in 
elementary length, or elementary mass. First such a deformation has been 
proposed in 1991 [Zj, with the deformation parameter k (the classical limits 
is provided by limit k — > oo), and as called the ^-deformation. Still it is not 
clear how to relate by rigorous proof the parameter k with the Planck mass 
M P (M P ~ 10 19 GeV), but due to the quantum gravity origin of noncom- 
mutativity of space-time coordinates it is believed that they are linked very 
closely, and quite often are assumed to be identical. 

2 Noncommutativity of Space-Time and Quan- 
tum Groups 

The need of quantum space-time symmetries with dimensionfull deforma- 
tion parameter can be seen clearly from the noncommutativity of space-time 
coordinates. The general relations can be written as follows (see e.g. jH]) 

H ®fU> X U X p X T + • • • , (1) 

where we introduced the parameter k in order to express the noncommuta- 
tivity in terms of dimensionless coordinates = kx^. 

Let us consider the special cases when only one constant tensor 8W pi '" ft ^ 

0. 

l)e( J^0, eg)"-'* = 0, k = 1,2,3... 

This example was studied extensively recently; the Poincare symmetries 
are broken by a constant tensor but remain classical. Such a form of deformed 
space-time was obtained by Seiberg and Witten jU] by considering the space- 
time manifold as described by the D-brane world volume in the presence 
of constant tensor field B\iv (we recall that such a field is necessary for 
consistency of supergravity framework in D=10). 



2 



2) e«o + 0, e<*>"~'» = 0, fc = 0,2,3,4.... 

In such a case we obtain the Lie-algebraic form of deformed space-time 
algebra. It appears that the ^-Minkowski space-time, obtained in the frame- 
work of standard ^-deformations of Poincare symmetries JU] _ 52] belongs to 
such a class of new theories. In 1996 there was introduced the generalized 
K-deformation of Poincare symmetries |13j. with the choice 

e S p = % ~ («A P - a » V) > ( 2 ) 

where denotes constant fourvector. 

From (J2J follows that the noncommuting quantum direction in Minkowski 
space is described by the coordinate y = a^x^. It has been also shown that 
the classical r-matrix corresponding to ((21) satisfies 

- modified Yang-Baxter (YB) equation if a 2 ^ ^ 

- classical YB equation if = 0. 

The quantum deformations of relativistic symmetries with quantized light- 
cone direction (ai = 0) was firstly described by Ballesteros et all fH] and 
called null-plane quantum Poincare symmetries. Further it has been shown 
[To] that in such the quantization can be described by the twisting 

procedure [TTH ITTj. 

If Qfy p 7^ 0, the translations 

described by the coproduct of x M , are also noncommutative 

[%,%] = e$%. (4) 

The extension of noncommutative translations (j3J) to quantum Poincare 
group is only possible for particular choices of Ofy p , in particular for the one 
given by (J2J). The general classification of quantum Poincare groups has been 
considered by Podles and Woronowicz [TSj . 

3) eg>^ ^ o, ej*)^-^ = o, k = o, i, 3, 4 . . .. 

In such cL CcLSG the relation (JJJ) does not contain any dimensionfull parame- 
ter and it describes the quantum deformation of relativistic symmetries with 
dimensionless deformation parameter (e.g if the Lorentz sector is described 
by Drinfeld-Jimbo deformation). Such deformed space-time framework is de- 
scribed by braided quantum symmetries, because the quantum translations 
(JBJ) do satisfy the relations 

[v„v u ] = Q^v p v T , (5) 
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but also one has to assume that 

[x M ,x„] ^ . (6) 

The first example of braided quantum Poincare group has been presented 
by Majid 0. 



3 Nonlinear Realizations of Relativistic Sym- 
metries Versus Quantum Deformations 

There are two sources of the modification of relativistic symmetries (see e.g. 

Hi). 

i) One can change nonlinearly the basis of classical Poincare algebra 

[M$2,if>} = Kv, p p^-v^°\ 

[PW>,PW] = 0, (7) 

by introducing the deformation map - the invertible nonlinear functions of 
the generator. An important special class of deformation maps described 
only the change of four momentum basis 

^ ( t 0) — p, = p,(p {0 \ k) = f; {^pj p^ , (8) 

while the Lorentz generators remain unchanged (M^ = Mf$). Introducing 
the inverse deformation map 

P®=PpXP\K)=Fs(?)P Vi (9) 
we see that the mass Casimir is modified as follows: 

Cl = P (0) F (0), = P (0) Q p (o), Q = m 2 (1Q) 

i.e. we obtained deformed nonlinear energy-momentum dispersion relation. 
Other consequence of the deformation map is the nonlinear modification of 
energy-momentum addition and conservation laws. The primitive coproduct 
for the generators Pjf 1 is replaced by 

A(P M ) = P, (P® ® 1 + 1 ® P®\ k) . (11) 
Denoting for two-particle system 
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Pfj,(i) - the fourmomenta of i-th particle (i — 1, 2) 

P A1 (1, 2) - the fourmomenta of 2-particle system 

and using (JTUJ), (jSJ) one can express the coproduct (fTTj) as describing nonlinear 
energy-momentum addition law 



P„(l, 2) = P„ (P°)(P(1); «) + P?(P(1); «); «) (12) 



The composition law (J12)) is symmetric, what indicates that we are dealing 
with classical Lorentz symmetries nonlinearly realized in the four-momentum 
sector. 

The choice of the deformation map which provides the deformed mass 
Casimir in bicrossproduct basis of K-deformed Poincare algebra (TTJ H2] 



Pn 



(?i= (2/esiiih^J -e-^i^ = M 2 , (13) 

leads to Doubly Special Relativity theory (DSR) of Amelino-Camelia et all 
(see e.g. [22] )• Such a choice of deformed mass Casimir implies maximal 
value of three- momentum if energy — = Pq — > oo. 
Indeed, in simple case M 2 = one gets 

i.e. we obtain the operational definition of mass-like deformation parameter k 
as maximal possible value of the three-momentum. It appears that selecting 
properly the deformation map (jHJ and corresponding nonlinear mass Casimirs 
(HOj) one can introduce three different variants of DSR theories |23j . 

ii) One can modify relativistic symmetries by introducing quantum de- 
formations of Hopf algebra describing Poincare symmetries. 

The quantum deformations of relativistic symmetries can be easily dis- 
tinguished from the classical relativistic symmetries in nonlinear disguise if 
we observe that 

- quantum deformations imply nontrivial bialgebra structure , described 
by classical r-matrix (J 4 = (M0,Pjp)\ Ii A Ij = I; <g) Ij - Ij ® k) 

r = a i nf ) Mf ) . (15) 

The calssical r-matrix describes infinitesimal deformation of classical coprod- 
uct A< > 

A(/f ) =A(°)(/f ) + £[r,A(°)(/f )] + 0(e). (16) 
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The formula (|16J1 implies that the coproduct is not symmetric. 

- If the relativistic symmetries are quantum-deformed, the space-time 
coordinates are not commuting, contrary to the case in DSR framework. 

We see therefore that there are simple criteria to distinguish between 
the modification due to change of classical basis and the one following from 
genuine quantum deformations [ , ]. 

The formula (|16j) can be "integrated" to arbitrary vales of deformation 
parameter £ if we introduce the similarity transformation 

A F (/f ) = FoA(°)(/f)oF-\ (17) 

where F = ® iy is the twist function with the following linear term in 
the power expansion in £ 

F = \®l+ia ij L L ® I 3 + 0^ 2 ). (18) 

The twist function F leads to cassociative coproducts (|T7|) if it satisfied the 
equation 

Fi 2 (A<°) ® l) F = F 23 (l ® A<°>) F . (19) 

Expanding (fT9*|) in powers of £ one gets from the bilinear terms the classi- 
cal Yang-Baxter equation. Further twist quantization modifies the converse 
(antipode) as follows 

S F (lP) = uS^(lP)u-\ (20) 

where u = F^ ■ SF^ 2 \ 

The twist quantization changes only the coproducts and coinverse - the 
classical Lie algebra relations and the counit remain unmodified. 



4 Quantum Deformations of AdS and Con- 
formal Algebras 

Drinfeld twist quantization method can be applied to any deformation de- 
scribed infinitesimally by classical r-matrix satisfying CYBE. Recently there 
were explicitly written down the classical r-matrices for 0(3, 2) and 0(4, 2) 
algebras with generators belonging to the Borel subalgebra B + and subse- 
quently these bialgebras were quantized [23 EE] • 
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Let us consider as an example 0(3, 2) algebra. If we introduce the Cartan- 
Weyl basis for 0(3,2) ~ Sp{4) (see e.g. [7]) 

W , e±i,e±2 , e ±3 ,e ±4 (21) 

Cartan simple root composite root 
generators generators generators 

the most general classical 0(3, 2) r-matrix support in B + ® B + is the follow- 
ing: 

r = a[(2hi + h 2 ) A e 4 + 2e x A e 2 ] + £h 2 A e 2 + pe 2 A e 4 . (22) 

The corresponding twist function has been calculated in [21] and is the prod- 
uct of four factors: Jordanian twist, extended Jordanian twist, deformed 
Jordanian twist and Reshetikhin twist. 

It should be pointed out that the generators of 0(3, 2) can be physically 
assigned to D=3 conformal or D=4 AdS algebra. In first conformal case one 
can show that the parameters a, £ and p are dimensionfull, and we arrive at 
the ^-deformation of D=3 conformal algebra [21]. The assignment of D=4 
AdS generators leads to different conclusion: the deformation parameters can 
remain dimensionless because the role of dimensionfull parameter is taken 
over by the AdS radius. 

The twist quantization of 0(4, 2) algebra interpreted physically as D=4 
conformal algebra has been considered in [T^j, where all classical r-matrices 
with support in Borel subalgebra were quantized. In particular in J5| the 
light-cone K-deformation of Poincare algebra (see ([2]) with = 0) has been 
extended to the particular K-deformation of D=4 conformal algebra. The 
alternative physical interpretation of twisted 0(4, 2) as quantum D=5 AdS 
algebra can be found in [23] . 

5 Final Remarks 

The formalism of twist quantization has been recently extended to all classical 
superalgebrasfSH], in particular to orthosymplectic superalgebras OSp(n; 2m). 
For n — 1, m — 2 one obtains in such a way new deformations of D=4 AdS su- 
peralgebra. Subsequently, using suitable contraction method, one can obtain 
twist quantization of D=4 Poincare superalgebra. 
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